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This paper proposes a formation flight control scheme for spacecraft based on the virtual structure approach. The

virtual structure approach treats the entire formation as a virtual rigid-body structure. With this approach, the

geometric relationship among the spacecraft can be maintained during a maneuver. The information on the

geometric relationships is used to complete the formation flight mission. Using rotational kinematics and rigid-body

dynamics, the virtual structure formation algorithm calculates the reference position and attitude command to

perform the synchronizedmaneuvers required to point to the desired target. The adaptive slidingmode control law is

adopted tomake the system track the reference command generated by the formation algorithm.An adaptive sliding

mode controller, which combines the merits of the adaptive control scheme and the sliding mode control scheme, is

proposed and used to make the spacecraft follow the specified position and attitude command. The stability of the

proposed controller is analyzed by using theLyapunov stability theorem, and anumerical simulation is performed to

verify the effectiveness of the proposed formation algorithm and the adaptive sliding mode controller.

Nomenclature

Ci = direction cosine matrix of satellite i
F = translational control forces
g = gravitational constant
h, � = positive sliding gain

i
_

, j
_

, k
_

= unit vectors of local-vertical–local-horizontal
frame

J = inertia of satellites
L1, L2, L3 = dimension of satellites
m = mass of satellites
qv = vector part of quaternion
q = quaternion vector
~q = skew symmetric matrix of vector part of

quaternion
R = orbit radius of reference satellite
S = sliding surface
S = bore sight vector
sgn��� = sign function
u = control vector
uf = thrust force vector
Vi = Lyapunov function candidate
� = lumped uncertainty
X = centroid of virtual structure
x, y, z = positions in local-vertical–local-horizontal frame
x = states vector
���� = uncertainties introduced by system parameters
� = latitude angle of the reference satellite
� = gravitational coefficient
& = external disturbance
� = control torques
~! = skew symmetric matrix of angular velocity vector
! = angular velocity

Subscripts

b = body coordinate system
d = desired states
i � j = i � j matrix

Superscripts

T = vector or matrix transpose
† = pseudoinverse of matrix

I. Introduction

F ORMATION flying of spacecraft is considered to be a key
technology for future space-based systems, because it allows

one large expensive spacecraft to be replaced by a formation of
smaller and cheaper spacecraft. A mission design involving space-
craft formation flying can provide numerous operational and
financial advantages. For example, under the current sensing and
imaging technology, an individual spacecraft is assigned a finite
aperture area to retain the satellite’s orbit and a larger spacecraft is
required to obtain wider regions of coverage. However, launching a
large spacecraft so that it escapes the atmosphere requires a large
amount of fuel and may even result in total mission loss in the event
of a spacecraft subsystem failure. On the other hand, multiple small
satellites in formation flight can cover a wider area for sensing and
imaging. In addition to coverage of a wider area, the resolution of the
imaging sensors in spacecraft formation flight missions may be
improved by using multiple sensors. A fleet of collaborating space-
craft canwork like a single array, producing a large synthetic aperture
that would not be feasible with only a single spacecraft.

In recent years, formation flight control for multiple satellites or
vehicles has received much interest. The formation flight controllers
that are used in this type of flight control are generally categorized
into the centralized type and the decentralized type, which are
distinguished based on where the control decisions are made.
Centralizedcontrol[1]isatypeofcoordinatedcontrolinwhichasingle
controlagentdetermines thecontrolactions for thedistributedsystem.
Decentralized control [2] is a type of control in which the control
decisions are relegated to the local control agents. The local control
agents use local observations and/or any information communicated
from the other control agents to determine the control actions.

Centralized control has two primary benefits over decentralized
control: the formation-keeping performance and the simple for-
mation algorithm. Because the entire system is controlled by the
command signal of a leader, the formation can be easily maintained.
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In other words, the followers only require the command signal from
the leader to keep their formation. Therefore, the system can
implement the formation-keeping algorithm simply and easily.
However, the centralized control scheme requires much more
information and processing time than its counterpart, the decen-
tralized scheme. The failure of the leader in the centralized controlled
system may destabilize the entire system. The decentralized control
scheme has the advantage of fault tolerance, and its failure is
confined to the region of the local control agent that failed, resulting
in only a small degradation in system performance. However, the
decentralized control scheme also has a drawback, in that its control
system is difficult to analyze.

Under the virtual structure approach, which is a type of centralized
control, very difficult missions can be executed in both gravity-
influenced and deep space environments [3]. The virtual structure
approach treats the entire formation as a virtual rigid-body structure
[4,5]. This approach maintains the geometric relationships among
the spacecraft during a maneuver. Using the virtual structure
approach, Hammer et al. [6] and Malla et al. [7] introduced the
spacecraft formation flying method, which allows synchronized
maneuvers to point the formation in a desired direction. In these
previous works, the authors used a simple deep space model. They
did not consider the gravity effect and disturbances and simply
considered Newton’s second law for description of position
dynamics, that is, fi �MiVi. This simple position dynamics enables
the designer to deal with the problem easily. In this study, however,
the relativemotion of each satellitewith respect to the reference Earth
orbit is considered. Not only is the gravity effect considered, but also
themass variation of the satellite and external disturbances.And, also
in these previous works, the authors used Euler angle transformation
tomake twovectors point in the samedirection. Thismethod requires
two transformations. The two transformationmatrices of the azimuth
and elevation angles must be obtained from the geometric relation
between the satellite and virtual structure. The development of such
matrices is quite cumbersome work. Therefore, in this study, one
transformation matrix is used, which is calculated based on the only
required information, that is, the principal axis vector and principal
angle of rotation. Therefore, the azimuth and elevation angle of each
satellite do not have to be calculated in each step. In there previous
works, the formulation flying algorithm only makes the satellites
point toward the same direction so that the line-of-sight vector of
each satellite is parallel to the others. In this study, the formation
flying algorithm can control the attitude of each satellite for one-point
targeting. Therefore, the proposed formation flying algorithm
enables the satellite system to perform various missions, such as 3-D
photographing, energy transfer using microwaves, and missile/
asteroid interception using laser equipment.

An adaptive sliding mode control scheme is adopted to make each
satellite follow the reference command from the virtual structure
algorithm. In past decades, adaptive control and the sliding mode
control for nonlinear systems have been studied extensively to
achieve robust control performance. In this study, a proper adaptive
sliding mode control law to handle a second-order nonlinear system
is proposed because second-order nonlinear dynamics can represent
the coupled position and attitude dynamics of a satellite. Sliding
variables are considered [8] in the design procedure of the adaptive
control; therefore, modeling uncertainties and disturbances can be
alleviated, and the problems of the sliding mode control scheme can
be overcome.

This paper proposes a new systematic formation scheme that will
make multiple satellites point toward a single target simultaneously.
The design procedure relies on the concept of a virtual structure
and coordinate transformation. The proposed formation flying
algorithm calculates the necessary rotation angles and translational
displacements based on the target and the coordinate of each
satellite. This paper also proposes a new robust nonlinear control
law, which can make the system track the reference command
despite uncertainties and disturbances. The proposed adaptive
sliding mode control law can make the system robustly track the
formation flying command given by the virtual structure algorithm
despite the uncertainties.

II. Spacecraft Dynamics

A6-degree-of-freedom dynamicmodel is considered in this study.
In this section, the nonlinear model of the relative position dynamics
and the attitude dynamics of the satellite will be briefly described.

A. Relative Position Dynamics

In this study, a rotating local-vertical–local-horizontal (LVLH)
frame is used to visualize the relative motion of each satellite with
respect to the reference satellite. The y axis points in the radial
direction, the z axis is perpendicular to the orbital plane and points in
the direction of the angular momentum vector, and the x axis points
in the opposite-track direction. The relative motion dynamics can be
derived using Lagrangian mechanics based on the LVLH frame [9]
by using the fact that the total energy of the satellite is conserved
under the gravitational field.

In Fig. 1, it is assumed that the inertial coordinate system,
fX Y Z g, is attached to the center of the Earth, andR denotes the
position vector from the origin of the inertial coordinate frame to the
leader spacecraft. A right-hand coordinate frame, f x y z g, is also
attached to the leader spacecraft. The relative dynamics for an
eccentric reference orbit can be represented as
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B. Attitude Dynamics in Quaternion Form

The attitude dynamics of a satellite is governed by the following
equation [10]:

J _!B �� ~!BJ!B � � (4)

_q�� 1

2

� ~!B !B
�!TB 0

� �
q (5)

~! B �
0 �!3 !2

!3 0 �!1

�!2 !1 0

2
4

3
5 (6)

where J� J�m� 2 R3�3 is the mass-dependent inertia,!B 2 R3�1 is
the satellite body angular velocity, and� 2 R3�1 is the control torque.
In quaternion kinematics, q � 	qT

v q4 
T andq � q� 1, where qv 2

Fig. 1 Schematic representation of the LVLH frame.
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R3�1 is the vector part and q4 is the scalar part of the quaternion. A
vector with a tilde denotes the skew symmetric matrix of this vector,
as shown in Eq. (6).

Taking the derivative of Eq. (5) yields

�q� 1

2

� _~!B _!B
� _!TB 0

� �
q� 1

2

� ~!B !B
�!TB 0

� �
_q (7)

Equation (4) can be rewritten as

_! B � J�1	� ~!BJ!B � �
 � p� J�1� (8)

Substitution of Eq. (8) into Eq. (7) gives
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2

~q� q4I3�3
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v
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Equations (1–3) and (9) form a position and attitude dynamicsmodel
of the satellite. Let us define a new state vectorx � 	 x y z qT 
T
and a control vector u � 	FT �T 
T 2 R6�1, and then the nonlinear
dynamics of Eqs. (1–3) and (9) can be written as

�x� f�x; _x� � Bu (10)
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Note that the dimensions of the zero matrices are determined by the
number of thrusters and their arrangement.

C. Thruster Layout and System Dynamics

This study assumes that a total of 12 thrusters are used to control
the position and attitude of the satellite, as shown in Fig. 2 [10]. The
input matrix of the system expressed in the satellite body frame Bb

can be defined as

B b �

0 0 1 �1 0 0 0 0 1 �1 0 0

0 0 0 0 1 �1 0 0 0 0 1 �1
1 �1 0 0 0 0 1 �1 0 0 0 0

L2=2 L2=2 0 0 L3=2 L3=2 �L2=2 �L2=2 0 0 �L3=2 �L3=2
�L1=2 �L1=2 L3=2 L3=2 0 0 �L1=2 �L1=2 �L3=2 �L3=2 0 0

0 0 �L2=2 �L2=2 L1=2 L1=2 0 0 �L2=2 �L2=2 L1=2 L1=2

2
666664

3
777775 (13)

where Li is the dimensions of the satellite, as shown in Fig. 2. The
maximum value of thrust is assumed to be 0.67 N in this study.

Because thrust forces are expressed in the satellite body frame,
they should to be transformed into the LVLH coordinate system.
Then, the control input u can be derived as

u� CBL 03�3
03�3 I3�3

� �
Bbuf � BaBbuf (14)

where uf � 	 f1 f2 � � � f12 
T is the thrust force vector, and the
coordinate translation matrix CBL is defined using the quaternion of
the satellite as

C BL �
1 � 2�q22 � q23� 2�q1q2 � q3q4� 2�q1q3 � q2q4�
2�q2q1 � q3q4� 1 � 2�q21 � q23� 2�q2q3 � q1q4�
2�q3q1 � q2q4� 2�q3q2 � q1q4� 1 � 2�q21 � q22�

2
4

3
5T

(15)

Finally, the resulting dynamics model of Eq. (10) can be rewritten
as follows:

�x� f�x; _x; t� �Bu� f�x; _x; t� �BBaBbuf

� f�x; _x; t� ��uf (16)

where � � BBaBb. Note that, for this particular thruster
configuration, input matrix � and control input vector uf should
be used instead of B and u for designing the controller and for the
numerical simulation.

Fig. 2 Thruster layout [10].
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III. Virtual Structure Formation Flight Algorithm

In this section, the virtual-structure-based formation control is
presented. Assume that the position vectors of three satellites and the
position vector of the target are known, and that the camera or laser
equipment of the satellite is aligned with the satellite’s z axis of the
body coordinate system. This paper assumes that there are three
satellites. However, this algorithm can be expanded to a larger
configuration with more satellites. The objective of this study is to
design a single target pointing algorithm for multiple satellites in
a desired formation. Figure 3 shows the geometry of the virtual
structure model. The three apexes, A, B, and C, represent the first,
second, and third satellites with respect to the inertial frame fx; y; zg,
and T is the target object in the inertial frame. The formation
reference frame for the satellites is placed at the centroid X of the
virtual structure. Each satellite uses this formation reference frame
to track its desired positions with respect to the positions of other
satellites during maneuvers.

The virtual structure formation flight algorithm makes the sat-
ellites point toward the desired target simultaneously in three stages.
The first stage is virtual structuring; in this stage, the virtual structure
and vectors required to calculate the reference command signal are
defined, and the axis of sight of each satellite is aligned with the bore
sight vector of the virtual structure. The second stage is virtual
structure rotation; in this stage, the virtual structure is rotated to align
its bore sight vector with the target vector. The third stage is the
targeting stage; in this stage, each satellite is rotated to point toward
the desired target. Detailed procedures of the three stages will be
presented in the following sections.

A. First Stage: Virtual Structuring

First, the virtual structure has to be defined using the position
vectors of the three satellites. It is assumed that the position vectors of
each satellite are known. Then, the centroid vector and the bore sight
vector can be defined. The bore sight vector originates from the

centroid of the formation triangle and is pointed normal to the two-
dimensional plane in which the formation exists. Using the inertial
frame, the centroid vector X and the bore sight vector S can be
calculated as

X � A� B� C

3
(17)

S �XA �XC (18)

Let us define the virtual structure frame (VSF), which originates
from the centroid of the virtual structure. The z axis of the VSF is the
bore sight vector and the y axis is directed toward one particular
satellite. The three axes of the VSF can be expressed as follows in the
inertial frame:

V z � S=jSj Vy �XB=jXBj Vx � Vy � Vz (19)

Now, the coordinate transformationmatrixR1 from the inertial frame
to the VSF can be obtained as

R1 � 	Vx Vy Vz 
 (20)

The procedure of the virtual structuring stage aligns the attitude of
each satellite to the VSF direction. Now, the cosine rule is applied to
calculate the maneuver angle � between the bore sight vector S and
the vector from the centroid to the target object,XT. The maneuver
angle, �, is defined as

�� cos�1
�

S �XT

jSj � jXTj

�
(21)

B. Second Stage: Virtual Structure Rotation

In the first stage, the virtual structure rotation is performed to align
the bore sight vector Swith the target vectorXT. If the principal axis
and the principal angle are known, the coordinate transformation
matrix from the inertial frame to the desired frame can be obtained
using the following equation [11]:

R2 �
l21�1 � cos �� � cos � l1l2�1 � cos �� � l3 sin � l1l3�1 � cos �� � l2 sin �

l1l2�1 � cos �� � l3 sin � l22�1 � cos �� � cos � l2l3�1 � cos �� � l1 sin �
l3l1�1 � cos �� � l2 sin � l3l2�1 � cos �� � l1 sin � l23�1 � cos �� � cos �

2
4

3
5 (22)

where l� 	 l1 l2 l3 
T is the principal axis vector, and � is the
principal angle of the rotation. Because the principal axis, l, is normal
to the vectors S and XT, the principal axis vector can be defined as

l� S �XT

jS �XTj (23)

Throughout the virtual structure rotation, each satellite moves to a
new position, which can be calculated by using Eq. (22) as

A 0 �X�XA0 �X� R2XA (24)

B 0 �X�XB0 �X� R2XB (25)

C 0 �X�XC0 �X� R2XC (26)

Figure 4 shows the qualitative procedure of the virtual structure
rotation. Note that S0 is a boresight vector after rotation, and axis l is
normal to both S and XT in Fig. 4.

C. Third Stage: Targeting

The attitude of each satellite is coincided with the VSF in the first
and second stages, as shown in Fig. 5. Figure 5 shows the top and side
views of the system after the virtual structure rotation. Let us first
consider satellite A. The satellite only needs to rotate at the rotationFig. 3 Virtual structure model in 3-D space.
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angle �A about the new principal axis lA to point toward the desired
target. Because the principal axis lA is normal to the vectors ẑA0 and
AX, lA can be determined. Finally, the cosine rule is applied to
calculate the principal angle �A as

lA � ẑA0 �
A0X

jA0Xj � R2R1

0

0

1

2
4

3
5 � A0X

jA0Xj (27)

�A �
�

2
� cos�1

�
A0T � A0X
jA0Tj � jA0Xj

�
(28)

The rotational matrix of the targeting stage can be obtained by using
Eq. (22) because the principal axis and the principal angle of the
targeting are known. The only required work is to substitute the
principal axis lA for l and the principal angle �A for �. Therefore, the
rotational matrix of the targeting stage of satellite A can be obtained
using the following equation:

RA �
l2A1
�1 � cos �A� � cos �A lA1

lA2
�1 � cos �A� � lA3

sin �A lA1
lA3
�1 � cos �A� � lA2

sin �A
lA1
lA2
�1 � cos �A� � lA3

sin �A l2A2
�1 � cos �A� � cos �A lA2

lA3
�1 � cos �A� � lA1

sin �A
lA3
lA1
�1 � cos �A� � lA2

sin �A lA3
lA2
�1 � cos �A� � lA1

sin �A l2A3
�1 � cos �A� � cos �A

2
4

3
5 (29)

where l̂A � 	 lA1
lA2

lA3

T is the principal axis of rotation in the

targeting stage.
Now, consider satellite B. Because the axis Vy coincides with the

yB axis, the principal axis of targeting is the xB axis. For the case of

satellite C, the principal axis of targeting can be determined by using
the geometric relationships between the vectors ẑC0 and CX. The
principal angles of satellites B andC for pointing to the desired target
can be obtained in a similar manner to that in the case of satellite A:

lB � xB0 � R2R1	 1 0 0 
T (30)

�B �
�

2
� cos�1

�
B0T � B0X
jB0Tj � jB0Xj

�
(31)

lC � zC0 �
C0X

jC0Xj � R2R1

0

0

1

2
4

3
5 � C0X

jC0Xj (32)

�C �
�

2
� cos�1

�
C0T � C0X
jC0Tj � jC0Xj

�
(33)

Each satellite can point to a desired target directly throughout the
three stages of virtual structure formation flight. The coordinate
transformation matrix from the inertial frame to the satellite body
frame of the final attitude state can be summarized as follows:

CA � RAR2R1 (34)

CB � RBR2R1 (35)

CC � RCR2R1 (36)

where CA, CB, and CC are the coordinate transformation matrices of
satellites A, B, and C, respectively.

Using the coordinate transformation matrix, the desired reference
command signal sent to the satellite to point to the target can be
obtained by using the following equation [11]:

q1d � �C23 � C32�=4q4 q2d � �C31 � C13�=4q4
q3d � �C12 � C21�=4q4 q4d �

��������������������������������������������
C11 � C22 � C33 � 1

p
=2

(37)

where Cij is the �i; j� element of the coordinate transformation
matrix C.

IV. Controller Design

An adaptive control technique is a type of nonlinear feedback
control method and is a systematic and recursive design meth-
odology [12]. The adaptive method has characteristics that can
accommodate uncertainties and nonlinearities and can avoid
wasteful cancellations. On the other hand, trajectories are forced to
reach a sliding manifold in finite time in the sliding mode control
state and they have to stay on the manifold for all future time. The
motion on the manifold is independent of the matched uncertainties.
By using a lower-order model, the sliding manifold can be designed
to achieve the control objective [13]. The main advantage of the
sliding mode controller is that it can achieve the robust stability of
the closed-loop system with respect to the model uncertainties,

Fig. 4 Virtual structure rotation.

Fig. 5 Top and side view of the system after the virtual structure

rotation.
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disturbances, and nonlinear effects. However, pure sliding mode
control has some drawbacks, such as large control authority require-
ments and chattering.

In this study, sliding variables can be considered [8] in the design
procedure of adaptive control. By combining the adaptive technique
and the sliding mode control scheme, the advantages of both control
schemes can be obtained: 1) alleviation of the effects of themodeling
uncertainties and disturbances, and 2) resolution of the problems of
the sliding mode control scheme such as large control authority
requirements.

In this section, an adaptive sliding mode control law is designed
for tracking the command signal. Robust tracking performance is
obtained by using the proposed control scheme. The theory of the
proposed control scheme is derived in the following section, and
numerical simulations are performed to demonstrate the effective-
ness of the proposed control scheme.

A. Adaptive Sliding Mode Control System

Consider a nonlinear system with both parameter variations and
external disturbance. Equation (16) can then be rewritten as

�x� 	f�x; _x� ��f
 � 	����
uf � & (38)

where �f and �� are the uncertainties introduced by the system
parameters, and & denotes an external disturbance. Equation (38) can
be rewritten as

�x� 	f�x; _x� ��uf � � (39)

where � denotes a lumped uncertainty, which is defined as

���f���uf � & (40)

The following assumptions are used to design the adaptive
controller:

Assumption 1: The desired trajectories xd are bounded as

kxdk � cd (41)

where cd 2 R is a known positive constant, and k � k denotes the 2-
norm of a vector or a matrix.

Assumption 2: The lumped uncertainty � is a constant or enough
of a slowly varying parameter to approximate _�� 0 during the
operation.

Assumption 3: The lumped uncertainty is bounded as

j�j � �� (42)

where �� 2 R is a known positive constant, and j � j denotes the 1-
norm of a vector or a matrix.

Assumption 1means that a physically feasible reference input can
be given to the system. By using Assumption 1, a proper command
filter can be designed. Assumption 2 will be used in the procedure to
derive the adaptive rule for uncertainty estimation, andAssumption 3
will be used in the stability analysis process.

An adaptive sliding mode controller is designed in this study so
that the state x of the system in Eq. (39) can track the reference
trajectory xd. That is, the objective of the adaptive sliding mode
control system is to simultaneously achieve relative position and
attitude tracking.

Let us introduce the error state variables for tracking as

z 1 � x � xd (43)

z 2 � c1z1 � _z1 (44)

where c1 is a positive constant. The dynamic equation of the error
state z1 is given by

_z 1 � z2 � c1z1 (45)

The Lyapunov candidate function is chosen as

V1 � 1
2
zT1z1 (46)

Then, the time derivative of Eq. (46) can be obtained as

_V 1 � zT1 _z1 � zT1z2 � c1zT1z1 (47)

The derivative of z2 is expressed as

_z 2 � d
dt
�c1z1 � _z1� � c1�z2 � c1z1� � f��uf � � � �xd (48)

Now, let us define the Lyapunov candidate function with the
sliding surface S as

V2 � V1 � 1
2
STS (49)

S� k1z1 � z2 (50)

where k1 2 R is a positive constant. Using Eqs. (47) and (48), the
derivative of V2 can be derived as

_V 2 � _V1 � STS� zT1z2 � c1zT1z1 � ST�k1 _z1 � _z2� � zT1z2

� c1zT1z1 � ST 	�k1 � c1�_z1 � f��uf � � � �xd
 (51)

The upper bound �� is difficult to determine because the lumped
uncertainty � is unknown in the real situation. Therefore, an adaptive
law is proposed to adaptively update the value of the lumped

uncertainty �
_

. A new Lyapunov candidate function is chosen as

V3 � V2 � 1
2
~�T��1 ~� (52)

where ~�� � � �_, and � is a positive definite constant matrix.
Differentiating Eq. (52) with respect to time and using Eq. (51), we
obtain

_V3 � zT1z2 � c1zT1z1 � ST 	�k1 � c1�_z1 � f��uf � �
_ � �xd


� ~�	��1 _�_ � S
 (53)

Note that Assumption 2 is used to derive the Eq. (53).
Using Eq. (53), an adaptive sliding mode control law can be

proposed as

u f ��†	��k1 � c1�_z1 � f � �_ � �xd � hS � h�sgn�S�
 (54)

where S� 	S1 S2 . . . Sn 
T 2 Rn with n� dim�x�, sgn�S��
	 sgn�S1� sgn�S2� � � � sgn�Sn� 
T , and h and � are positive
constants. Note that ���† denotes a pseudoinverse; therefore, a

minimum norm solution is obtained. The adaptive law for
_
�
_

can be
designed as

_
�
_ � �S (55)

Substituting Eqs. (54) and (55) into Eq. (53), the following equation
can be obtained:

_V3 � zT1z2 � c1zT1z1 � hkSk2 � h�
Xn
i�1
jSij � zT1z2 � c1zT1z1

� hkk1z1 � z2k2 � h�
Xn
i�1
jSij (56)

Equation (56) can then be rewritten as

_V 3 ��ZTQZ � h�
Xn
i�1
jSij (57)

where

Q� c1 � hk21 hk1 � 1=2
hk1 � 1=2 h

� �
(58)
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Z T � 	 zT1 zT2 
 (59)

Note that a sufficient condition for the positive definite matrix Q is

jQj � h�c1 � hk21� � �hk1 � 1=2�2 � h�c1 � k1� � 1=4> 0 (60)

This condition can be satisfied by proper selection of c1, k1, and h.

B. Stability Analysis

The following theorem is considered for the stability analysis of
the proposed control law.

Theorem 1: Consider a system in Eq. (39) with the control input of
Eq. (54) and the adaptive law of Eq. (55). The state x then converges
to xd as t!1 with Assumptions 1–3.

Proof: A Lyapunov candidate function of Eq. (52) is chosen to
analyze the stability of the proposed control law. By taking the time
derivative of Eq. (52) and substituting Eqs. (54), (55), (58), and (59)
into the resulting equation, we obtain Eq. (57). Here, let us define
W�t� as

W�t� � "
�
ZTQZ� h�

Xn
i�1
jSij
�
� � _V3 (61)

where 0< " < 1. From Eq. (61), we haveZ
t

0

W�t� d� � V3�0� � V3�t� (62)

Because V3�0� is bounded and V3�t� is nonincreasing and bounded,
the following result can be obtained:

lim
t!1

Z
t

0

W�t� d� � 1 (63)

Also, by Lemma 1, _W�t� is bounded. Therefore, W�t� is uniformly
continuous. UsingBarbalat’s lemma [14], the following result can be

obtained:

lim
t!1

W�t� � 0 (64)

That is, z1 and z2 converge to zero as t!1. It can then be
concluded that limt!1�x � xd� � 0. As a result, the stability and
tracking performance of the closed-loop system using the control law
of Eq. (54) can be guaranteed. □

Lemma 1: Consider a system in Eq. (39) with the control input of
Eq. (54) and the adaptive law of Eq. (55). Then, time derivative of

Eq. (61), that is _W�t�, is bounded.
Proof: By theLyapunov candidate function of Eq. (52) and its time

derivative of Eq. (57), the following result can be obtained:

V3 � 1
2
zT1z1 � 1

2
STS� 1

2
~�T��1 ~� 
 0 (65)

_V 3 ��ZTQZ � h�
Xn
i�1
jSij � 0 (66)

Equations (65) and (66) imply that V3�t� � V3�0�; therefore,
ZT � 	 zT1 zT2 
, S, and ~� are bounded. BecauseW�t� � "�ZTQZ�
h�
P

n
i�1 jSij� and uf ��†	��k1 � c1�_z1 � f � �̂� �xd � hS

�h�sgn�S�
, _W can be written as follows.
Case I: S� 0

_W�t� � " d
dt
�ZTQZ� � "�2ZTQ _Z�

� "
�
2ZTQ

z2 � c1z1
�k1�z2 � c1z1� � ~�

" #�
(67)

Case II: Sk > 0, where k is an index such that
jSkj �maxifjS1j; jS2j; . . . ; jSnjg.

Because
P

n
i�1 jSij � nmaxijSij, the following inequality can be

concluded:

Fig. 6 Initial status of satellites and target, in meters.
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_W�t� � " d
dt

�
ZTQZ� h�

Xn
i�1
jSij
�

� " d
dt
�ZTQZ� h�nmax

i
jSij� � "�2ZTQ _Z� h�n _Siji�k�

� "
�
2ZTQ

z2 � c1z1
�k1�z2 � c1z1� � ~� � hS � h�sgn�S�

� �

� h�n� ~�k � hSk � h��
�

(68)

Case III: Sk < 0 where k is an index such that jSkj�
maxifjS1j; jS2j; . . . ; jSnjg.

Because
P

n
i�1 jSij � nmaxijSij, the following inequality can be

concluded:

_W�t� � " d
dt

�
ZTQZ� h�

Xn
i�1
jSij
�

� " d
dt
�ZTQZ� h�nmax

i
jSij� � "�2ZTQ _Z � h�n _Siji�k�

� "
�
2ZTQ

z2 � c1z1
�k1�z2 � c1z1� � ~� � hS � h�sgn�S�

� �

� h�n� ~�k � hSk � h��
�

(69)

where ~�k is the kth element of ~�.
Equations (67–69) show that _W is bounded, because Z, S, and ~�

are bounded, as shown in the previous section. □

The convergence of the online estimate vector needs to be
analyzed, and the stability analysis of the proposed control law needs
to be carried out. The following lemma is used to show the

Fig. 7 Position trajectories of each satellite, in meters.
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convergence of the estimated uncertainty vector 16. The result of
Lemma 2 is a special case of a general result given by Babalat’s
lemma.

Lemma 2: If ’, _’ 2 L1, and ’ 2 Lp for some p 2 	1;1�, then
’! 0 as t!1.

The convergence of the online estimated vector is guaranteed with
Lemma 2. The analysis process is stated in the following theorem.

Theorem 2: Consider a system of Eq. (39) with the control input of
Eq. (54) and the adaptive law of Eq. (55). The estimation error ~� then
converges to 0 as t!1 with Assumptions 1–3.

Proof: Because V3 2 L1, it can be concluded that z1, S, and
~� 2 L1. Using Eq. (55), the following equation can be obtained:

~�� � � ~�� � �
Z
t

0

�S d� (70)

By Assumption 3, we have � 2 L1. Integrating W�t� in Eq. (62)
yields S 2 L1; therefore, ~� 2 L1. By Lemma 1, it can be concluded
that the estimation error ~�! 0 as t!1. □

Theorems 1 and 2 demonstrate that both the tracking error and
the parameter estimation error of the closed-loop system will
converge to zero.

V. Numerical Simulation

A numerical simulation is performed to evaluate the performance
of the proposed formation flight controller. The formation under
consideration consists of three 40 kg spacecraft flying 100 m apart
in an equilateral triangle arrangement in a circular orbit. The
gravitational coefficient is �� 3:986 � 1014 m3=s2, and the orbit
radius of the reference satellite is R� 7200 km. Note that, for a

circular orbit, _�� constant and ��� 0. The size of each satellite is
assumed to be 0:4 � 0:1 � 0:6 m3.

The relative position of each satellite and the desired target are
initially set as

A � 50

���
3
p

0

�1

2
4

3
5; B� 50

�
���
3
p

0

�1

2
4

3
5; C�

0

0

102

2
4

3
5

T� 102
1:5
�1:5
0:5

2
4

3
5 (71)

The origin of the virtual structure frame is located at the center of the

Fig. 8 Position and attitude histories of each satellite.

Fig. 9 Three-dimensional trajectories of sight vectors of each satellite relative to the virtual structure, in meters.
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triangle, as shown in Fig. 6. The formation bore sight vector is
defined to be normal to the spacecraft plane and is therefore initially
pointing along the negative y axis.

The mass variation of the satellite due to fuel consumption and the
unknown constant external force and torque were considered as the

uncertainties. Let us consider N2H2 as a propellant. The specific
impulse, or Isp, is 320 s. The maximum thrust of the engine is
assumed to be 0.67 N. The mass variation of the satellite due to fuel
consumption and the unknown constant external translational force
and torque disturbances are considered as follows:

Fig. 10 Projected views of the trajectories of the sight vectors of each satellite, in meters.
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Fig. 11 Changes in position and attitude of each satellite, in meters.
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Fig. 12 Thrust inputs of satellite A, in newtons.

Fig. 13 Thrust inputs of satellite B, in newtons.
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_m��
P
juij

Isp � G
(72)

&�
�
	 �0:0019 0:0011 0:0004 �0:03 �0:0225 �0:001 0:01 
T; for 30 � t � 80

0; otherwise
(73)

where G� �=R2. The specific impulse represents the impulse per
unit of propellant.When the propellantwith a higher specific impulse
is used, the lesser propellant is required to provide a given amount of
momentum. An unknown constant disturbance, &, is considered in
the numerical simulation. The values of & are selected arbitrarily.
Note that unknown disturbance is applied to only satellite A.

The proposed formation flight control scheme is applied to the
aforementioned mission. Figures 7–11 show the time histories of the
position and attitude of each satellite. Figure 7 shows the trajectories
of each satellite, which were the result of the first and second stages,
that is, virtual structuring and virtual structure rotation. Figure 8
shows the position and attitude histories of each satellite. Each
satellite moves to the desired position for construction of the virtual
structure and simultaneously rotates to make the bore sight vector
of the virtual structure align with the target vector. In the attitude
histories of satellite A, a fluctuation due to the unknown constant
disturbance can be found. Despite the unknown disturbance, the
control system makes the system track the reference command.
Figure 9 shows the three-dimensional trajectories of the sight vector
of each satellite relative to the virtual structure, which is the result of
the third stage, targeting or pointing toward a single target. Projection
views of Fig. 9 onto the x–y, y–z, and z–x planes are shown in
Fig. 10. Figure 11 illustrates the changes in the position and attitude
of each satellite with a sequence of snapshots. As shown in Figs. 7–
11, the virtual structurefinds an efficient path to reorient its bore sight
vector to the desired direction. Figures 12–14 show the control input

histories of each satellite, and the input signal is within the acceptable
range. In Fig. 12, satellite A uses more control resources to com-
pensate for the effect of the unknown disturbance from 30–80 s.
Figure 15 shows the result of the lumped uncertainty estimation by

using Eq. (55). All the components of the estimated uncertainty
vector are bounded and converged to certain values. Figure 16 shows
the tracking error of satellite A. There are fluctuations due to the
unknown disturbance, but the errors are properly converged to the

Fig. 14 Thrust inputs of satellite C, in newtons.

Fig. 15 Uncertainty estimation of satellite A.
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desired value. The pointing target mission is completed in about
300 s. By properly designing the command filter for a mission, the
thrust level can be reduced with a large mission time. Note that the
pulsemodulator, such as the Schmidt trigger, pulse widthmodulator,
pulsewidth pulse frequency, etc., is required to produce on–off thrust
firings for real implementation.

In summary, by applying the proposed formation flight scheme,
each satellite is able to point toward the desired target correctly, and
the virtual structure is maintained throughout the maneuver.

VI. Conclusions

This paper presented a formation flight control scheme based on
the virtual structure technique. With the proposed formation flight
scheme, a number of satellites can point toward the target
simultaneously. The only required information for the formation
maneuver is the position vectors of each satellite and of the target.
From the position vectors, the proposed formation flight algorithm
can calculate the requiredmove displacement and rotation angle. The
desired rotation angle is given by the desired quaternion, and the
adaptive sliding mode controller is used to track the formation flying
command.

The systematic design method of the adaptive sliding mode
control schemewas developed for application to the formation flying
command tracking control problem of satellites. The adaptive sliding
mode control law and adaptive estimation law were derived, and a
stability analysis was performed using the Lyapunov approach. The
convergence of the estimated parameter error was also discussed.
The proposed adaptive sliding mode control system showed the
advantage of robustness for both parameter variations and time-
varying disturbances. A numerical simulation was conducted to
evaluate the effectiveness of the proposed virtual structure formation
algorithm and the adaptive sliding mode control system. The
simulation results showed the effectiveness of the proposed for-
mation flight algorithm. This algorithm can be applied to various
missions, such as the observation of the Earth’s surface, space energy
transmission, three-dimensional photographing of a target, and
astronomical observation missions.
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